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Abstract 

Let A be a unital separable simple C*-algebra with a unique tracial state. We 
prove that if A is nuclear and quasidiagonal, then A tensored with the universal UHF- 
algebra has decomposition rank at most one. Then it is proved that A is nuclear, 
quasidiagonal and has strict comparison if and only if A has finite decomposition 
rank. For such A, we also give a direct proof that A tensored with a UHF-algebra has 
tracial rank zero. 

1 Introduction 

E. Kirchberg and W. Winter introduced the notion of decomposition rank for nuclear 
C*-algebras as a generalization of topological dimension. Among others, they showed that 
finite decomposition rank implies quasidiagonality. The concept of decomposition rank is 
particularly relevant for Elliott's program to classify nuclear C*-algebras by K-theoretic 
data. Indeed, all nuclear stably finite C*-algebras classified so far by their Elliott invariants 
have in fact finite decomposition rank. Also, this property is expected to be equivalent 
to other regularity properties. W. Winter [27] proved that any unital separable simple 
infinite-dimensional C*-algebra A with finite decomposition rank is ^-absorbing, i.e. A 
absorbs the Jiang-Su algebra Z tensorially. M. R0rdam [22] showed that iJ-absorption 
implies strict comparison for unital simple exact C*-algebras. In the present paper we 
provide the converse direction of these results under the assumption that the algebra has 
a unique tracial state. 

Theorem 1.1. Let A be a unital separable simple C* -algebra with a unique tracial state. 
If A is nuclear, quasidiagonal and has strict comparison, then the decomposition rank of 
A is at most three. 

The notion of strict comparison was first introduced by B. Blackadar [2 J for projections, 
which was called FCQ2. Later this definition is extended to positive elements in the 
following sense. Throughout this paper, for a C*-algebra A we denote by T(A) the set of 
tracial states on A. We say that A has strict comparison if for two positive elements a, b in 
M k (A) with lim^oo r(a 1 / n ) < lim^oo r(6 1 / n ) for any r G T(A) there exist r n G M k (A), 
n G N such that r*6r n — > a, where t is regarded as an unnormalized trace on M k {A). 
The precise definition of decomposition rank is given in Definition 14.11 and the proof of the 
main theorem is given in Section [5j 
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In 2008, A. S. Toms and W. Winter conjectured that properties of finite decomposi- 
tion rank, 2-absorption, and strict comparison are equivalent for unital separable simple 
infinite-dimensional finite nuclear C*-algebras (see \27\ Conjecture 0.1] for example). The 
theorem above, together with the results in [22l [271 [T7j . gives a partial affirmative 
answer to this conjecture in the following sense. 

Corollary 1.2. Let A be a unital separable simple infinite- dimensional nuclear C* -algebra 
with a unique tracial state. Then the following are equivalent. 

(i) A has finite decomposition rank. 

(ii) A is quasidiagonal and is Z-absorbing. 

(iii) A is quasidiagonal and has strict comparison. 

The technique that we develop in proving Theorem 11.11 also allows us to bound other 
ranks of nuclear C*-algebras. In Section [6j for A as in Theorem 1.1, we show that A 
tensored with a UHF-algebra has tracial rank zero. This enables us to remove the technical 
condition from H. Lin's result [131 Corollary 5.10] for nuclear C*-algebras, and to provide 
a partial answer to his conjecture mentioned in the introduction of [13]. In Section UJ we 
show that any Kirchberg algebra has nuclear dimension at most three. We remark that 
W. Winter and J. Zacharias |28[ Theorem 7.5] proved that if A is a Kirchberg algebra 
satisfying the Universal Coefficient Theorem (UCT), then it has finite nuclear dimension. 



2 Murray- von Neumann equivalence 



A celebrated result of A. Connes says that injective factors with separable predual are 
approximately finite dimensional (AFD), see [6]. The proof relies on his deep study of 
automorphisms of factors [H [5]. By now, two alternative proofs which do not use auto- 
morphisms are known. One is due to U. Haagerup [7]. His proof uses trace preserving 
completely positive maps instead of automorphisms. S. Popa gave another short proof 
by using excision of amenable traces [20]. In the present paper, we focus on the proofs 
by Connes and Haagerup, in which the Murray- von Neumann equivalence for projections 
plays an essential role. They constructed approximation by finite dimensional subalgebras 
by using partial isometries inducing the Murray-von Neumann equivalence for certain 
projections. In this section we establish a generalization of the Murray-von Neumann 
equivalence (Lemma I2.1j) . In our setting, the 'equivalence' is given by two contractions. 
These two contractions will become involved in the estimate of decomposition rank of 
UHF-absorbing C*-algebras in Section [U 

We say that a C*-algebra A has strict comparison for projections if for any two pro- 
jections p and q in Mk(A) satisfying r(p) < r(q) for any tracial state r of A, there exists 
a partial isometry v in M^A) such that v*v = p and vv* < q. 

Lemma 2.1. Let A be a unital C* -algebra with strict comparison for projections. Letp,q 
be projections in A and n E N. If r(p) = r(q) for any tracial state r of A, then there exist 
two contractions Vi in A® M n , i = 0, 1 such that 



i=0,l 



< 



n 



Yl ViV < 

i=Q,l 



< 



n 



2 



and 



dist(v*Vi, {p ® x | x e M n }) < — for i = 0, 1. 



n 



Proof. Let ej, j = 1, 2, . . . , n be mutually orthogonal minimal projections of M n . When 
n = 1, 2, or 3 the statement is trivial, thus we may assume that n > 4. Since ^4 has strict 
comparison for projections, there exists a partial isometry r\ <G A ® M ra such that 

rjVi = p ® ei, nr* < g ® (ei + e 2 ). 

By the same reason, we obtain a partial isometry r 2 <G A ® M n such that 

^2 r 2 < P ® (e 2 + e 3 ), r 2 r2 = g ® (ei + e 2 ) - nr*. 

In the same way, there exists a partial isometry r 3 £ ^4 ® M n such that 

r^r 3 = p® (e 2 + e 3 ) - r\r 2 , r 3 r| < g ® (e 3 + e 4 ). 

Repeating this argument we have partial isometries rj e A<g> M n , j = 1,2, . . . ,n — 1. Set 



n — 3 



n 



-ej, vq 



n—l 

E 



n — J 

n 



-n. 



Since {rjr*\j = 1,2, ... , n—l} and {r*rj\j = 1,2, ... , n—l} are sets of mutually orthogonal 
projections, it follows that 



and 



ko^o - p® /|| 



|t> t>o -g®/|| 



E 



n — J 



n 



r*rj — p ® / 



< 



n-1 

E 



n — 3 
n 



rjr* - q ® / 



n 



2 

< -. 

n 



Similarly we can construct a contraction tii G A® M n such that 



and 



thereby completing the proof. 



K^l-P®(ln-/)|| < - 

n 



\ Vl vl -g® (1„-/)|| < -, 



□ 
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3 Relative Property (SI) 



In our previous work |X8|, Proposition 4.8], we showed certain strict comparison of central 
sequence algebras by using a technical condition named property (SI). The aim of this 
section is to introduce a relative version of property (SI) and to show a variant of |X8|, 
Proposition 4.8]. 

Until the end of this section, we let A and B be unital separable simple nuclear infinite- 
dimensional C*-algebras and suppose that B has strict comparison. First, we recall the 
definitions of central sequence algebras. Let w be a free ultrafilter on N, and let 

\\bh = max r(6*6) 1 / 2 for b G B, 

tGT(S) 

cUB) = \(b n )n € £°°(N,B) | lim ||6 n || = o) . 

We denote by B w the ultraproduct C*-algebra e oo (N,B)/c u (B). 
Set 

J= {{bn)n e£°°(n,B) | lim ||6 n || 2 = o) 

and M = £°°(M, B)/ J. Since c u {B) C J we regard M as a quotient algebra of B u , and 
denote by <1> the quotient map from B u to M. Note that if B has finitely many extreme 
traces then M is isomorphic to a finite direct sum of Ili-factors. 

Let 7T be a unital embedding of A into B u . We consider the relative commutants 

B = B u r\ir(A)' and M = M n $(ir(A))'. 

The Choi-Effros lifting theorem allows us to get a sequence of unital completely positive 
maps 7r ra : A — >• B such that (7r n (a)) n = 7r(a) in B u for any a € A. 

The following theorem is based on the technique of Kirchberg and R0rdam [101 The- 
orem 3.3]. Combining this result and a generalized property (SI) (Lemma I3.2p . we shall 
show the strict comparison of B for projections in Proposition 13.31 

Theorem 3.1 (Kirchberg- R0rdam). The restriction ^>|g : B —¥ Ai is surjective. 

Proof. Let x be a contraction in A4, and (b n ) n S B u be such that $((6 n ) n ) = x. Set 

D = C*(tt(A) U {{b n ) n }) C B w and / = ker($| D ) C D. 

Since x € <J>(7r(A))' it follows that [it (a), (b n ) n ] G / for any a G A. Let eA € /, A € A be a 
quasicentral approximate unit of /. Then we have 

0= lim ||(l-e A )[(6 n ) n ,^(a)](l-e A )|| 

A— >oo 

= lim || [(1 - e\)(b n ) n (l - e A ),vr(a)]|| for any a £ A. 

A— >oo 

This implies that for any finite subset F of A and e > there exists a sequence e_p Ei7l , 
n E N of positive contractions in B such that 

lim ||ep £ n |L = 0, lim ||[(1 - e F£n )b n (l - ei? en ),7r n (o)]|| < e, 

for all a G F. 
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Let F n , n E N be an increasing sequence of finite subsets of A whose union is dense 
in A and e n > 0, n G N a decreasing sequence which converges to 0. For any n G N we 
inductively obtain a subset f2 n G w such that fi n +i C HneN = and 

\\eF n ,e n ,m\\ 2 < En, 11(1 ~ e Fn ,e n ,m)brn{l ~ e Fn ,e n ,m) ^m{a)}\\ < £„, 

for any m E 0„ and a E F n . We define e m = for m £ N \ S]j and e m = e^ ni£njm for 
m G O n \ fi n +l- Then it follows that 

lim ||e n || 2 = 0, lim ||[(1 - e n )b n (l - e„), ir n (a)} \\ = 0, 
for any a G F n . This means that 

neN 

$(((1 - e n )b n (l - e n )) n ) = x, ((1 - e n )b n (l - e n )) n G B. 

□ 

Lemma 3.2. Suppose that T(B) has a compact extreme boundary with finite topological 
dimension. Then B has property (SI) relative to ir(A) in the following sense: For any 
sequences (e n ) n and (f n )n of positive contractions in B satisfying (e n ) n , (f n )n € B, 

(e n ) n G J, lim lim min r(/™) > 0, 

m— >oa n— >ui r£T( B) 

there exists a sequence (s n ) n in B such that (s n ) n G B, 

lim |js*s n - e„|| = 0, lim \\f n s n - s n \\ = 0. 

n— >w n— >w 

Proof. One can prove this lemma in a similar fashion to the proof of \\.7\ Theorem 1.1]. 
We sketch a proof for the reader's convenience. In the proof we write x ~ e y if \\x — y\\ < £ 
for x, y in a C*-algebra. 

Let F be a finite subset of contractions in A and e > 0. Since A is nuclear there are two 
completely positive contractions p : A — >• M/y and <r : M^r — > ^4 such that <r o « e / 2 x 
for x E F. Since A is unital simple infinite-dimensional, applying Voiculescu's theorem to 
p we can obtain di £ A, i = 1,2, ... ,N such that p(x) ~ £ /2 Vp{d*xdj)]ij for some pure 

state <p of A and for all x G i* 1 . Identifying <r with a positive element of M^{A) we have 

iv 

c l,i £ M = 1,2, ...,iV such that a(e{j) = c ti c l,j f° r the standard matrix units 

i=l 

i e i,j}i,j °f Mzv- Thus it follows that 

TV /V 

X] ^i^^^ii^j) ~e 7r ( x ) for x e F - 

Due to the Akemann-Anderson-Pedersen excision theorem, there exists a positive con- 
traction a G A such that ad*xdja ~ £ /tv 2 tp(d*xdj)a 2 for x G F and <^(a) = 1. Because 
T(B) has compact extreme boundary with finite topological dimension, by \24\ Theorem 
1.1] (see also [TOj [25]), we obtain a unital embedding of Mjv into M C\ B'. By Theorem 
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13.11 we obtain a sequence of completely positive order zero maps ip n : — > B such that 
min rer ( B ) T(ip n (l) m ) — > 1 for any m G N and ||[^ n (x), 6]|| — >■ as n — > uj for any x G Mn 
and b G -B. Since A is separable, we may further assume 

lim||^n(^),7r n (y)]|| = 0, lim ||[^ n (x), /„]|| = 

n— >u n— >uj 

for any x G Mn and y € A. Then a similar argument as in the proof of [171 Lemma 3.4] 
implies that there exist sequences (fi jn ) n , I = 1,2, ... ,N of positive contractions in B such 
that (//,„)„ G B, (fi, n fn)n = (fl,n)n, (fl,nfl',n)n = for / / Z' in B u , and 

lim min rifFi) = — lim min T(fl™) for any m G N. 

fc 

Since j4 is unital and simple, there exist Vi G A, i = 1, 2, . . . , k such that v*a 2 Vi = 1. 



i=l 



Set a = ^X)t=i H^ll j > 0- By (fi,n)n & B we see that for any m G N 

lim min r(/™ /2 7r n (a) 2 /,"! /2 ) > a lim min r(/ft) > 0. 
As lim lim min rifTV] > 0, llall = 1 and £> has strict comparison, there exist sequences 

m->ooji-w T £T(B) ' 

H n G B, l = 1, 2, . . . , N, n G N such that 



lim 

n— >ui 



0, lim ||r/ n || = lim ||e n || 1 ^ 2 < 1. 



r l,nfl,n f t ; n Ti,n ~ 

N N 

s n = ^2 Y n n(dia)f^ri t nn n (cij) G B, for n G N. 



Define 

2V N 
1=1 1=1 

Then we have (f n s n ) n = (s n ) n in And there exists a neighborhood Slew such that 
for x G -F and ngf! 

AT W 

<vr n (x)s n « ^ ^ TT n {cl i )rljl^TT n {ad*xd j a)f'l^r Un -K n {c hj ) 
1=1 i,j=l 

~e Yl Yl ^( d i x ^0^n(cr,Jrf !n /^ 2 7r n (a 2 )/^ 2 r Zin 7T n (q J ) 
~ ^^y(d*a;d-,)7r n (c^Qj)e n « e vr n (x)e n . 

Since F C A and e > are arbitrary, A is separable, and tt is unital, we can find 
another sequence s n , n G N of B such that (f n s n ) n = (s n ) n , (s*s n ) n = (e n ) n in B w and 
0n)n 6 5. □ 

Proposition 3.3. Suppose that B has finitely many extremal tracial states. Then the 
following holds. 

(i) The map T{M) — > T{B) induced by <3? : B — >• M. is surjective. 
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(ii) B has strict comparison for projections. 



Proof of (i). It suffices to show r(x) = for any r G T(B) and x G B D ker <£. We may 
assume that x is a positive contraction. Let (x n ) n be a representative sequence of x 
consisting of positive contractions. We have 

lim min r((l - x n ) m ) = 1 

n-HD T eT(B) 

for any m G N. By Lemma 13.21 5 has property (SI) relative to 7r(A). It follows that there 
exists si £ Bn ker <E> such that s^si = x and (1 — x)s\ = s±. Clearly x + sis^ is a positive 
contraction in B D ker<3?. Hence, in the same way we obtain S2 G B n ker$ such that 
= x and (1 — x — si.s*)s2 = «2- Then x + sis* + S2S2 is again a positive contraction 
in B n ker <3?. Repeating this argument, one can find Sj G H ker <J>, i G N satisfying 

s*Sj = x and x + sis* + s 2 S2 H h %4 < 1 

for every m G N. Hence r(x) = for all r G T(B). □ 

Proof of (ii). Let 7r^ ra ^ be the amplification map of tt defined by 7r' n '(a) = vr(a) <g> l n G 
£> w <g> M n = {B® M n ) u , n G N, a G A. By the canonical identification we have B <g> M n = 
(5 (g) M n ) w n 7r( n -'(A) / for any n G N. Then it suffices to consider two projections in B. 

Assume that two projections p and q in B satisfy r(p) < r(g) for any r G T(B). This 
implies fo$(p) < ro$>(g) for any r G T(.M). Because .A/f is a finite von Neumann algebra, 
there exists F £ M such that r*r = <E>(p) and rr* < <&((?). By Theorem 13.11 we obtain 
r G such that $(r) = r and ||r|| < 1. Set w = qrp G B and let q n , w n G B, n G N are 
representatives of g and w. Since q is a projection and q > ww* , we may assume that g n , 
n G N are projections and q n > w n w^ for any n G N. Since r(g — ww*) > r(g — p) > for 
any r G T(£?) it follows that 

lim T (q n — w n w* n ) > for any r G T(B). 

n— >L<) 

Because $((7 — ww*) m = &(q — ww*) for any m G N and -B has finitely many extremal 
traces, we have 

lim min T f ((q n - w n w* n ) m ) = lim min r\q n - w n w* n ) > 0, 
71— t'gT(B) n—>u r'6T(B) 

for any m G N. By Lemma 13.21 and p — w*w G D ker there exists s G Bfl ker <3? such 
that s*s = p — w*w and (g — ww*)s = s. We define v = w + s, then we conclude that 
= w*w + s*s = p and gt> = v. This completes the proof. □ 



4 Decomposition rank 

We denote by U the universal UHF-algebra. In this section, we show that certain U- 
absorbing C*-algebras have finite decomposition rank. First let us recall the definition of 
decomposition rank. 
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Definition 4.1 (Kirchberg- Winter [TTJ E7j ). A separable C*-algebra A is said to have 
decomposition rank at most d G N U {0} if there exist completely positive contractions 
ip n : A -> 0f =o Fi in , n € N and if) i>n : F i>n ->■ A, i = 0,1,..., d, n G N, where Fi >n 
are finite-dimensional C*-algebras, such that ^ n are order zero (disjointness preserving), 
Ya=o ^hn '■ 0f=o F i,n ^ A is contractive, and 



lim 

n— >oo 



,i=0 



for any a G A, 



where we simply write Ya=o "0i,n(©i=o x i) = Ei=o ^i,n( x i) for ^ G ^i,n- 

The proof of the following theorem is based on the crucial technique which was devel- 
oped by A. Connes and U. Haagerup in the proof of [H Theorem 3.1, (d)=>(a)] and [7J 
Theorem 4.2]. 

Theorem 4.2. Let A be a unital separable simple nuclear C* -algebra with a unique tracial 
state. If A is quasidiagonal then the decomposition rank of A®IA is at most one. 

Lemma 4.3. Let A be a unital simple stably finite C* -algebra which absorbs a UHF- 
algebra tensorially, A\ a C* -subalgebra of A, and u a free ultrafilter on N. Suppose that 
v n , n 6 N are contractions in A such that 

(K|)„ e A( c A". 

T/ien t/zere exists a sequence (v n )n °f contractions in A such that \v n \ G A\ for any n G N 
and 

{V n )n = (v n )n in A". 

Proof. Let e n > 0, n G N be a decreasing sequence which converges to 0, and let f n {t) = 
max{0, t — e n } for t G [0, oo), n G N. M. R0rdam showed that any unital simple stably 
finite UHF-absorbing C*-algebra has stable rank one [21t Corollary 6.6]. Then, by G. 
K. Pedersen's polar decomposition theorem [TU Theorem 5], there exists a sequence u n , 
n G N of unitaries in A such that 

\\u n fn{\v n \) ~ V n \\ < £ n . 

By (|fn|)n ^ there exists a sequence h n , n G N of positive contractions in A\ such 
that (hn) n = (Kl)n = {fn{\v n \))n in Af . Define v n = u n h n . Then \v n \ = h n G A 1 and 

(«n)n = («n/n(K|))rc = (v n )n hi A w . □ 

In what follows, we let Ada(b) = aba* for a, b in a C*-algebra and denote by ||«||2,t 
the 2-norm of a associated with a tracial state r, i.e. ||o||2,t = T(a*a) 1 ^ 2 . 



Proof of Theorem \4.H\ Let t be the canonical unital embedding of A into A®U. Since 
A®M n also satisfies the assumptions in the theorem for any n G N, it suffices to construct 
completely positive contractions p n : A — > M^ n M^ n , n G N and : M^ n A®U, 
i = 0, 1, n G N such that <7j :n are order zero, ^i=o l ^™ : -^fcn ® -^fcn ~~ ^ ^4 ® W is 
contractive, and 



,1=0,1 



p n (a) - i(a) 



oo, for any a £ A. 
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We let Ui, i = 0, 1 be commuting unital C*-subalgebras of U such that Uq = U\ = U 
and C*{Uq UUi) = U. We denote by ta, TU a i = 0, 1, and tu the unique tracial states of 
A, Ui, and U. Let w be a free ultrafilter on N. 

Since A is quasidiagonal, there are unital completely positive maps p n : A — > Mfc n , 
n G N such that 

lim ||/9n(a)/9n(£>) — p n (ab)\\ = and lim ||/J n (a)|| = INI > 

for any a, b & A (see [HI Lemma 7.1.4] for example). Let a n : Mk n — >• ^o> n S N be a 
sequence of unital embeddings. We define unital completely positive maps ip n : A — >• Uq, 
n G N and <p : A -4 Z^f by 

ip n (a) = o n o p n (a) and <^(a) = (^ n (a)) n , 

for any n G N and a G A Note that <p is a unital embedding because p n are asymptotically 
multiplicative. 

In what follows, we identify A&iUq with the set of constant sequences in (A^Uo)^ and Uq 
with the unital C*-subalgebra 1a<8>Uo of A0ZYo- By this canonical unital embedding we also 
identify Uq with the unital C*-subalgebra of (A®Uo) u . From these identifications it follows 
that [i(a), (p(b)] = for a, b G A. We define the product map i x tp : A A ->■ (yl ®Uq) u 
by (i x <£>)(a 6) = t(a) • 93(6) for a, 6 G A, where means the algebraic tensor product. 
By the nuclearity of A we can extend l x <p to j4 A. Since ta is the unique tracial state 
of A, A A also has the unique tracial state ta®ta- Then the strong closure of A A in 
the GNS-representation, associated with ta ta-, is the injective Ili-factor, and the flip 
automorphism on A® A is approximately inner in the strong topology |6j, i.e., there exists 
a sequence w n , n G N of unitaries in A A such that 

lrn^ \\w n (a b)w* - b a|| 2lTA<BrA = 0, 

for any a, b G A. Set U n = (l x (p)(w n ) G (A 8Wo) u , n G N. We define the tracial state 
on (A^UqY by (ta T Uo )uj{{x n )n) = lim„- +a) (r A U/ )(x n ) for (x n ) n G (AgjWo)'"- Since 
TA®TA is a unique tracial state of ^40^4 it follows that (T i 40T^ o ) a ,o(iX(/?)(aj) = (ta®ta)(ze) 
for a; G j4 j4, which implies that 

Hm ||C/n^(a)^ " K«)ll 2 ,(r A ®ru ) w = °' 

for any a £ i. Since ^4 is separable, by the standard reindexation trick we obtain a 
sequence u n , n G N of unitaries in ^4 Z^o such that 

hm IK^^K - L ( a )\\2,T A ®T Uo = for an y a € A. 

Set 

Jo = {(x n )n G ^°°(v4 Wo M 2 ) I Hm ||x n || 2iTA0TMo ^ tr2 = 0}, 
M = e oo (A®U Q ®M 2 )/J , 
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and let <3?o be the quotient map from Aq to M . For any a £ A, we define 



7T a 



(p n (a) 
t(a) 



G .Ao, n 





u n 



G ^0- 



Note that 7r is a unital embedding of A into Aq. Because of lim n _^ \\u n (p n (a) — i(a)u n \\ 2 T a®t u 
= for any a G A, we have 

$o(«) G M n $ (7t(^)) / . 

We also define 







G Aq, q 





1a®u 



G A- 



Then p and g belong to Aq D tt(^4)'. Since u n are unitaries it follows that 

u*u = p and mm* = q in .Ao. 
As $o{u), $o(p), and $o(<?) are in M n (^(^(A))' we have 

r o $ (p) = r o $ (g), 

for any tracial state r of M r\$o(n(A))' . Applying Proposition [373](i) to B = A®Uq®M 2 , 
we have 

r(p) = r(q), 



for any tracial state r of Aq n 7r(A)'. 

By (ii) of Proposition 13.31 Ao D tt(-A)' has strict comparison for projections. Then by 
Lemma l2.1( for each n G N we obtain two contractions tu^n, i = 0, 1 in (.Ao r\ir(A)') <8> M n 
such that 



^ <, n ^, n - p ® 1„ 



4 = 0,1 



4 

< -, 
n 



i=0,l 



4 

< -, 

n 



and dist (w*„Wi n ,{p(£>x I x G M n }) < — for i = 0, 1. 

' n 

We may think of M n as a unital subalgebra of U±, and so for each n G N we get 



E 

i=0,l 



w i,n w i,n ~ P 



< 



n 



E 

2 = 0,1 



Wi,nWi 



< 



n 



and dist (w* n Wi tTl ,p(lA ®U\® < — for % = 0, 1. 



n 



Therefore one can find two sequences (vi tn ) n , i = 0, 1 of contractions in A <g>£Y ® M2 such 
that (v it n) n £ Ad it (A)' for i = 0, 1, 



E 

.i=0,l 



v i,n v i,n 



,i=0,l 



g in A., 
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and (Iv^n | )n 

G p(l A ®Ui ® I2)" C MP ; fori = 0,1. 
Hence there exist two sequences (i>i,n)n, i = 0, 1 of contractions in A ® W such that 







and 



E V tn l 



(Vi,n)n G A % = 0, 1, 



v i=0,l / U=0,1 

Because of ( 

Vi,n)n S ^ fl 7t(j4)' we have 

(ui, n v? n (a)) n = {i{a)v i>n ) n in (yltg)^, 
for any a G A It follows from these conditions that for any a G A 

t( a ) = Y ( V hn<Pn(a)vl n ) n 
i=0,l 



X (Ad v it n o o n o p n (a) ) n in (.4 <g>£Y) a 



i=0,l 



From (K„|) n G p(l A ® «i ® l 2 ) w we have (k,„l) n G (1 A ® ^i) w C (4 ® W) w . By 
Lemma 14.31 we may assume that \vi n \ is in 1a <8>Ux for every n G N. For i = 0, 1 and 
n G N, we define an order zero completely positive contraction Oi )TL : M/% n —> A ®IA, n G N 
by <7i,n = Ad-u ijn o o n and simply write J2i=o,i °i,n(%0 © x i) = X)»=o,i ^fc*) for x * E M fcn- 
Since t and /9 n are unital it follows that 



lim 

n— ¥ui 



i=0,l 



1. 



By multiplying cjj jn by suitable scalars, we may further assume that ^»=o l ^ n are con " 
tractive. Define completely positive contractions p n , n G N from A to M^ n © Mfc n by 
Pn (o) = Pn (°) © Pn (o) • Then we conclude that 



fc(tt) 



X o'i.n °Pn(a) in 



v*=0,l 



for any a € A. This completes the proof. 



□ 



5 ^-absorbing C*-algebras 

In this section, we prove Theorem I l.li 

Proof of Theorem \l.l\ By Theorem |17} Theorem 1.1], A is ^-absorbing, i.e. A = A® Z. 
Let Fbea finite subset of contractions in A and let e > 0. By Theorem l4.2t decomposition 
rank of A ® U is at most one, and so there exist completely positive contractions y> : A — >■ 
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Eq © Ei and tpi : £7, — > j4 i = 0, 1 such that are finite dimensional C*-algebras, ipi 
are order zero, ^i=o '■ (& E\ A (&U \s contractive and 



, i=0,l 



< e/2 



for any a £ F. Any order zero completely positive map from a finite dimensional C*- 
algebra can be identified with a *-homomorphism from the cone over the algebra (see [271 
Proposition 1.2] for instance). A cone over a finite dimensional C*-algebra is projective 
|15j . Therefore we may assume that ipi, i = 0, 1 satisfy ipi(Ei) C A ® M/ for some unital 
matrix subalgebra Mi oili. 

Choose m £ N so that (m— 1) _1 < e/2. Let ej, e2, . . . , e/ m £ M/ m and /o, /i, . . . , //; m € 
-^Zm+i De mutually orthogonal minimal projections. For j = 1, 2, . . . , m, we put 

J,- = {n G N | (j - 1)/ + 1 < n < jl}. 

Let Qj : M; — > Mi m , (3j : Mi — > Mi m+ i and 7j : M; — > Mi, m+ i be embeddings such that 



Take a unitary w £ M| ® M| such that w{x ® y)w* = y <g> x for any x,y € M;. Let 
■u : [0, 1] — ® M; be a continuous path of unitaries such that u(0) = 1; and it(l) = w. 
Define a continuous path of unitaries u : [0, 1] — > M/ m ® M; m+ i by 



= l Jro ® /o + (ay Pk)(u(t)). 

j,k=l 

For i = 0, 1, we define order zero completely positive maps Aj : M/, — > C([0, 1]) ® M/ r , 
M /m+ i by 



^(l-t)a i (x)®/ + (l 
j=i j,fc=i ^ 



m- 



and 



Xl(x)(t) = jr (m ^* - ; ,(.r). 



fc=l 



m— 1 



It is straightforward to check 



t 



m—1 



< A (l/)(t) + Ai(L)(t) < 1 



for any t € [0, 1]. This means that Aq + Ai is contractive. Moreover one has 



A (x)(0) = J2 <*j(?) ® Wi> A (x)(l) = ^ ( 1 - ^ ) 
i=i fe=i ^ m/ 
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and 



m—k 



\i(x)(0) = 0, \i(x)(l) = ® lk{x). 

k=l 

Hence we may regard Aj as a map from Mi to the dimension drop algebra 

Z = {g G C([0, 1]) ® M, m M im+1 | 5 (0) G M lm ® C, G C (g) M im+1 }. 

Then (id^ (g)Aj) o ^ is an order zero map from Ej to A® Z for each i,j = 0, 1. We also 
obtain 



^(idA ®Aj) o o (<£ ® <£>)(a) - a <g> lz 



< 



^ idA <S>Ai(a ® 1/) — o ® lz 
i=o,l 



e 
2 



1 £ 
^ + 2 <£ 



for every a £ F. Since there exists a unital embedding Z — > 2, we can conclude that 
A = A® Z has decomposition rank at most three. □ 



6 C*-algebras with tracial rank zero 

W. Winter [26, 27J proved that if a unital separable simple C*-algebra A has (locally) 
finite decomposition rank and has real rank zero, then A has tracial rank zero in the sense 
of H. Lin [12] . In this section, using the same strategy as in the proof of Theorem 14.21 we 
give a direct proof that A has tracial rank zero under the assumption that the C*-algebra 
absorbs a UHF-algebra tensorially and has a unique tracial state. 

Theorem 6.1. Let A be a unital separable simple nuclear quasidiagonal C* -algebra with 
a unique tracial state. Then the tracial rank of A® B is zero for any UHF-algebra B. 

Proof. Because of |16|, Lemma 2.4] it is enough to show that A®IA has tracial rank zero. 
We use the same notations as in the proof of Theorem 14.21 Let e > 0. Since A (g) M n 
also satisfies the same assumption in the theorem for any n G N, it suffices to construct a 
sequence of finite dimensional C*-subalgebras B n , n G N of A <g U such that 



lim ||[lB„,t(a)]| 

n— h*j 



0, 



and 



lim dist(i(a)l# n , B n ) = 0, for any a G A. 



Recall that (p n : A — > Uq is the composition of the unital completely positive map p n : 
A — > Mfc n and the unital embedding a n : M^ n — > Uq. Clearly we have [(p n (a), 1a <8> x] = 
for any n G N, a G A, and x G U\. For any r G T(A n it (A)') we have seen that 
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r(p) = r(q) = 1/2 in the proof of Theorem 14.21 . Thus for any r G T(A fl ir(A)'), the 
functional 

"l A ®x 0" 





U\3 X^rlT 



g 



gives the unique tracial state tu x of ~U\. Let eo be a projection in U\ such that 1 — e < 
TUi(eo) < 1- Set 

1a <g> e 


Then we have 



J e^nvr(^)'. 

/ n 



r{e) = ljT Ul (e ) < X - = r(p) = r(g) for any r G T(.A n tt(A)'). 

Applying (ii) of Proposition 13.31 to B = A ® W (8) M2, we see that .4 fl 7r(^4)' has strict 
comparison for projections. We obtain a partial isometry v £ A(~) it (A)' such that 

v*v = e and gt> = v. 

By the definition of p and g there exists a sequence »„, n 6 N of contractions in A <8> W 
such that 





% 



5 in .4, and (v*v n ) n = (1a <8> e ) n in (A(g>U) u 



By perturbing v n slightly, we may further assume v* n v n = Ia® eo- Because of v G vr(^4)' 
we have 

(v n (p n (a)) n = {i{a)v n ) n in (A <g> Uf 3 for any a G A. 

Then it follows that [(v n v^) n , = in (A ® W) w for any o 6 i. We define finite 
dimensional C*-subalgebras B n C A <g> U for n G N by 



5 n = Adv n (a n (M k J). 
One can verify that these B n satisfy the desired properties. 



□ 



The following corollary is a direct consequence of |14^ Theorem 5.4], [17} Theorem 1.1] 
and the theorem above. 

Corollary 6.2. Let A be a unital separable simple nuclear quasidiagonal C* -algebra with a 
unique tracial state. Suppose that A has strict comparison and satisfies the UCT. Then A 
is classifiable by the Elliott invariants and is isomorphic to a unital simple approximately 
subhomogeneous algebra. 



7 Kirchberg algebras 

A separable simple nuclear purely infinite C*-algebra is called a Kirchberg algebra. In 
this section we prove the following theorem. See |28|, Definition 2.1] for the definition of 
nuclear dimension. 



14 



Theorem 7.1. Any Kirchberg algebra has nuclear dimension at most three. 



Proof. By |28} Corollary 2.8], it suffices to show that a unital Kirchberg algebra A has 
nuclear dimension at most three. Because of the Kirchberg-Phillips theorem, A is isomor- 
phic to A®Ooa. We let Bi, i = 0, 1 be commuting unital C*-subalgebras of such that 
Bq = B\ = Ooo and C*(Bq U Bi) = O^. Let s G -Bo be a non-unitary isometry and put 
q = ss*, p = 1b — q- Define t : A — > A © Bq by i(a) = a © q. The Kirchberg-Phillips 
theorem also tells us that there exists a unital embedding p : A — > Oi- Since pB^p contains 
a unital copy of 02, there exists a unital embedding a : O2 — > 1a ® pB^p C A<8> Bq. Let 
93 = <t o p. 

We would like to apply the same argument as the proof of Theorem 14.21 to ip and 1. 

Set 

A={A®O oa y, M = {A®B G y cA. 
Define a unital homomorphism ir : A — > Aq by 

7r(a) = (/3(a) + t(a) 

for a G A By [9j Corollary 4], Aq D vr(^4)' is purely infinite simple. In particular, for any 
non-zero projections e, / G (.Ao n 7r(A)') © e is Murray- von Neumann equivalent to 
a subprojection of /. Hence, for any n G N, we can apply (the proof of) Lemma 12. II and 
obtain contractions 

Wi n G (A n tt(A)') (M n © M n+1 ), i = 0, 1, 



such that 



W*,n w i,n ~ lA © p © (In © l n +l) 



i=0,l 
and 



4 

< -, 

n 



^ Wi,nW* yn - 1a © 9 © (In © ln+l' 



i=0,l 



4 

< -, 

n 



dist(u;* n u;i in , {1a ©p © x | x G M n © M n+i }) < -. 



71 



Since M n © M n+ \ can be unitally embedded in i?i = Ooo and n G N is arbitrary, there 
exist € in 7r(^4)', i = 0, 1 such that X^i=o 1 = X A © P) Si=i = 1a © <7, and 
t£i>i€ (1a®pBi) w , i = 0,l. 

In the same way as the proof of Theorem 14. 2} one has 

a © lo x = (U © s*)L(a)(l A © s) 

= (1a © s*) ( Vitp(a)v^j (1a © s) 

= Ad(lA © s*) o Advi 000 p(a) in A, 



i=0,l 



for every a £ A For i = 0,1, we define an order zero completely positive contraction 
Oi : 2 -+ A. by o-j = Ad(l^ © s*) oAd^o a. 
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Let F C A be a finite subset and let e > 0. By [281 Theorem 7.4], the nuclear dimension 
of 02 is one. It follows that there exist completely positive contractions a : O2 — > Eq © 2£i 
and /3j : £j — >■ j = 0, 1, such that Ej are finite dimensional C*-algebras, [3j are order 
zero and 



^2 Pj o a (/9(a)) - p(a) 



=0,1 



< e 



for any a E F. Then o~i o /3,- is an order zero map from £j to A for each i, j = 0, 1. Define 



a completely positive contraction p : A 
We have 



vM=0,l 



£0 © #i © #o © £1 by /5(a) = a(p(a))®a(p(a)). 



o p(a) - a <g> lo 



< e 



for any a E F. Since the cone over Ej is projective, <jj o /3j lifts to an order zero map to 
£°°(N, A <8> Coo). The proof is completed. □ 
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